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The complex-type Padovan—p sequences

OzctUrR ERDAG*, SERPIL HaLICI, OMUR DEVECI

ABSTRACT. In this paper, we define the complex-type Padovan-p se-
quence and then give the relationships between the Padovan-p numbers
and the complex-type Padovan-p numbers. Also, we provide a new Bi-
net formula and a new combinatorial representation of the complex-type
Padovan-p numbers by the aid of the nth power of the generating ma-
trix of the complex-type Padovan-p sequence. In addition, we derive
various properties of the complex-type Padovan-p numbers such as the
permanental, determinantal and exponential representations and the
finite sums by matrix methods.

1. INTRODUCTION AND PRELIMINARIES

The Padovan p-numbers {Pap (n)} for any given p (p = 2,3,4,...) is de-
fined [4] by the following homogeneous linear recurrence relation:
(1) Pap(n+p+2) = Pap(n+ p) + Pap (n),
for n > 1, with initial conditions Pap (1) = Pap(2) = --- = Pap(p) = 0,
Pap(p+1) =1 and Pap(p+2) = 0. When p = 1 in (1), the Padovan
p-numbers {Pap (n)} is reduced to the usual Padovan sequence {P (n)}.
The complex Fibonacci sequence {F)'} is defined [7] by a two-order recur-
rence equation:
F; :Fn‘f‘iFn-‘rlu
for n > 0, where v/—1 =4 and F}, is the n'"" Fibonacci number (cf. [1,8]).
Kalman [10] mentioned that these sequences are special cases of a sequence
which is defined recursively as a linear combination of the preceding k terms

Ap4k = CoGp + C1Op+1 + -+ -+ Cp—1Qptk—1,

where ¢g, c1, . . ., cx—1 are real constants. In [10], Kalman derived a number of
closed-form formulas for the generalized sequence by the companion matrix

2020 Mathematics Subject Classification. Primary: 11K31, 39B32, 15A15, 11C20.

Key words and phrases. The complex-type Padovan-p sequence, matrix, representa-
tion.

Full paper. Received 12 September 2021, accepted 1 December 2021, available online
31 January 2022.

*Corresponding Author.

(©2022 Mathematica Moravica

7



78 THE COMPLEX-TYPE PADOVAN—p SEQUENCES

method as follows:

0 1 0 0 0
0 0 1 0 0
0 0 O 0 0
A =
o 0 0 -- 0 1
| 0 ¢1 C2 -+ Cg—2 Ckp—1 |

Then by an inductive argument he obtained that

ap 7
aj Ap+41
n -
Ak =
Ar—1 An4k—1

In the literature, many interesting properties and applications of the recur-
rence sequences relevant to this paper have been studied by many authors,
for example [9,11-13,16-22]. In particular, in [5] and [6], the authors defined
the new sequences using the quaternions and complex numbers, and then
they gave miscellaneous properties and many applications of the sequences
defined. In this work, we define the complex-type Padovan-p sequence. Also,
give the relationships between the Padovan-p numbers and the complex-type
Padovan-p numbers, and then we obtain generating a matrix of the complex-
type Padovan-p sequence. Furthermore, we produce the Binet formula for
this defined sequence. Finally, we give various properties of the complex-type
Padovan-p numbers such as the combinatorial, permanental, determinantal
and exponential representations, and the finite sums by matrix methods.

2. THE MAIN RESULTS

Now we define a new sequence that we call the complex-type Padovan-p
sequence {Paj(;) (n)} as follows:

(2) Paf) (n+p+2) =i Paf) (n+p) +i** - Paf) (n),
for any given p (p = 3,5,7,...) and n > 1, where Pa](f) (H)=---= Pa](gi) (p) =

0, Pag) (p+1) =1, Paq(,i) (p+2) =0 and v/—1 = i. From the relations in
the definitions of the complex-type Padovan-p numbers and the Padovan-p
numbers, we derive the following relations:

Pt Pap(n), forn=0 (

P2 . Pap(n), forn=1 (

iP*3 . Pap(n), forn=2 (mod 4
i? - Pap(n), forn=3 (
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From the equation (2), we can write the following companion matrix:

0 -1 0 0 P2
1 0 0 0 0
0 1 0 0 0
D, = |d}| -
p 3 | 2y (o4 2) 0 0 1 0 0
0 0 0 -~ 1 0

The matrix D, is said to be the complex-type Padovan-p matrix. Then we

can write the following matrix relation:

[ Pay) (n+p+1) ]
Pay) (n+p)
Dp : :

Pal (n+1)

Pay) (n+p+2) |
Pal’ (n+p+1)

Pal (n +2)

Pag) (n+1) Pag) (n)

It can be readily established by mathematical induction that for n > p + 1,

[ PalY (n+p+1) Pal
Pay) (n+ p)
Pay) (n+p—1)  Pay) (n+p)
Pay) (n+1) Pal (n +2)
Pay (n)

Pal? (n +1)

2. Pay) (n+2)
P+2. Pal) (n + 1)

P+2. pal? (n)

P+2. o) (n —p+2)

P2, Pal(f) (n—p+1)

from which it is clear that det D, = iPT2. For more information on the

companion matrices, see [14,15].

Using the (D))" matrix, we determine the following relationships between
complex-type Padovan-p numbers and the Padovan-p sequence for n > p+1

(n+p+2)
Pal) (n+p+1)

"2 Pay) (n +1)
P2 Pa;(f) (n)

iPT2. Pa,(f) (n—1)

rt2. Paz(,i) (n—p+1)

ir+2. Paf) (n —p)

P2 Pa](gi) (n+p)
P2 Pa;(,i) (n+p-—1)

#+2. Pal) (n+p—2)

P+2. pa?) (n)

P2 Pag) (n—1)
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such that every odd integer where p > 3:
[ it Pap(n+p+1) "™ Pap(n+p+2) "2 Pap (n+1)
i"t3 . Pap(n+p) "t Pap(n+p+1) "+t Pap (n)
"2 Pap(n+p—1) "3 Pap(n+p) - Pap(n—1)

i"Pt . Pap(n4+1) " P . Pap(n+2) " PY2. Pap(n—p+1)

| Pap(n) M Pap(nt1) P Pap(n—p)
"3 . Pap (n + 2) . i"tPTL. Pap (n + p)
in+2 Pap(n-‘rl) ,Lﬂ-‘rppap(n —|—p— 1)
jntl Pap (n) ... gndtp—1 Pap(n+p—2)
it Pap(n—p+2) --- "1 Pap (n)
P2 Pap(n—p+1) - i" - Pap(n —1)

Now we concentrate on finding the Binet formulas for the complex-type
Padovan-p numbers.

Lemma 1. Let p be a positive odd integer such that p > 3. The characteristic
equation of the complez-type Padovan-p numbers P2 + P — iPt2 =0 does
not have multiple roots.

Proof. Let f (x) = aP*2 + 2P — iPT2, Tt is clear that f(0) # 0 and f(1) #0
for all p > 3. Let a be a multiple root of f (z), then o ¢ {0,1}. Since « is
a multiple root,

f () =aPt2 4P — P2 =9

and

’

fa)=(p+2) ot +paP~t =0,

hence

’

fla)=a?((p+2)a®+p) =0.

=

Thus we obtain o = + | — )5. Since p is a positive odd integer such that

2
p+2
p > 3, f(a) # 0, which is a contradiction. Thus, the equation f (z) =0
does not have multiple roots. O

Let f (x) be the characteristic polynomial of the matrix D,,. Then we have
f(x) = 2P*2 + 2P — P2 which is a well-known fact from the companion
matrices. If 01,02, ...,8y12 are roots of the equation 272 + 2P — P2 = (),
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then by Lemma 1, it is known that d1,02,...,J,42 are distinct. Define the
(p+2) x (p+ 2) Vandermonde matrix VP2 as follows:

[ (0P (82)PTT L (Gp2)PT ]
(60"  (62)" .. (Op+2)’
VPt2 — : : :
01 2 Op+2
1 I

Assume that Vjp il Zisa (p+2) x (p + 2) matrix obtained from the Vander-

monde matrix V?+2 by replacing the j** column of V?+2 by W7, where W/
is a (p+2) x 1 matrix as follows

(51 )n+p+27t

(52>n+p+2—t

(5p+2)n.+l)+27t

Then we can give the generalized Binet formula for the complex-type Padovan-
p numbers with the following theorem.

Theorem 1. Let n > p+ 1 and let p be a positive odd integer such that
p >3, then

p+2
Papn _ 9 Vjk
Bk det VP2
J— Pa7p7n
where (Dp)" = [dj,k ]
Proof. Since the equation zP*? + 2P — #*2 = 0 does not have multiple

roots for p > 3, when p is a positive odd integer, the eigenvalues of the
complex-type Padovan-p matrix D, are distinct. Then, it is clear that
D, is diagonalizable. Let R, = diag (61,62, ...,0p+2), then we may write
Dpr+2 = Vp+2R Since the matrix V72 is invertible, we obtain the equa-
tion (Vp+2) D, VP2 = R,,. Thus, D, is similar to Rp; hence, (D,)" VP12 =
VP2 (R,)" for n > p+ 1. Therefore we have the following linear system of
equations:

dfa,pn(é )p+1+dPa,p, (51)

AP Gl 3)

dfiw’n (Jp+2)" " + dfg’pyn (Op+2)? + -+ + dlfa’p’" = (§u0)"PH2E

Then we conclude that

Pa7p7n R
Bk det Vt2!
for each j,k=1,2,...,p+ 2. O
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Thus by Theorem 1 and the matrix (D))", we have the following useful
result for the complex-type Padovan-p numbers.

Corollary 1. Let p be a positive odd integer such that p > 3 and Pag) (n)
be the nth element of the complex-type Padovan-p number for n > p + 1,
then

p+2
Pa(z) (n) _ det Vp-i-Q,l
p det VP2
and
p+2 p+2 p+2
Pali) (1) — det Vs 5 _ det V3 4 _ det V, '\ o
p P2 . det VP+2  p+2. det VP2 P12 . det VP+2°
Let C(c1,¢9,...,¢,) be a v X v companion matrix as follows:
[ 1 o 1 oy |
1 0 --- 0 0
C(ci,09y...,0p) = o 1 --- 0 0
000 - 1 0

Theorem 2 (Chen and Louck [3]). The (i,7) entry cg}) (c1,¢2,...,¢p) N
the matriz C™ (c1,¢a, ..., ¢y) is given by the following formula:
(3)

A (eryeaynn ) = > ERCES T MY (e P
AT L Tttt \ ety )T
1,025ty

where the summation is over nonnegative integers satisfying t1 + 2to + -+ - +
vty =n—1+7, (tl;tf”) = W is a multinomial coefficient, and the

coefficients in (3) are defined to be 1 if n =1 — j.

Here we investigate combinatorial representations for the complex-type
Padovan-p numbers by the following corollary.

Corollary 2. (i) Forn>p+1,
i t1r+to+ - +itpyo to [ p+2\tp+2
Pa(z) n) = 2 : < P > —1)t2 (o 2\t 7
p ( ) tl,tz,...,tp+2 ( ) ( )

(t1,t2,stpra)
where the summation is over nonnegative integers satisfying
ti+2to+-+(p+2)tpypo=n—p— 1
(ii) Forn >p+1,

i 1 t t o4t t t e+t
Pag) (n) = - Z 3+1t4+ + tpt2 % ( 1+ t2 + + p+2) (_1)t2 (Z.p+2)tp+2
ipt2 t1 +ta+ -+ tpra t1,t2,...,tpt2
(t1,t2,rtpt2)
1 t t o4t t t B o A
- Z 4+1t5 + + tp+2 y ( 1+ t2 + + p+2) (_1)::2 (ip+2)tp+2
1P t1 +ta+ -+ tpy2 t1,t2,. .., tpt2

(tl»tQ 77777 tp+2)
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1 tp+2 t1+t2+"'+tp+2 + p+o\t
= o= X < ( ) (=1 (@),

P (t12t2mt )t1 +ta+ -+ ipp2 ti,t2, . tpt2
1,625, p+2

where the summation is over nonnegative integers satisfying
ti+2ta4+ -+ (P+2)tpyo =n+1.

Proof. In Theorem 2, if we take i = p + 2 and j = 1 for the case (i), and
i=¢e¢—1and j = ¢ such that 3 < e < p+ 2 for the case (ii), then we can
directly see the conclusions from (D,)". O

Now we consider the permanental representations for the complex-type
Padovan-p numbers.

Definition 1. A ux v real matrix M = [m; ;] is called a contractible matrix
in the £ column (resp. row) if the k™ column (resp. row) contains exactly
two non-zero entries.

Suppose that x1,xo,...,x, are row vectors of the matrix M. If M is
contractible in the £ column such that m;r 7 0,mjx # 0 and i # j, then
the (u — 1) x (v — 1) matrix M;; obtained from M by replacing the i*" row
with m; p2; +m;rx; and deleting the 4 row. The k'™ column is called the
contraction in the k™" column relative to the itt row and the j** row.

In 2], Brualdi and Gibson obtained that per (M) = per (N) if M is a real
matrix of order o > 1 and N is a contraction of M.

Now we concentrate on finding relationships among the complex-type
Padovan-p numbers and the permanents of certain matrices that are ob-
tained by using the generating matrix of the Padovan-p numbers. Let p be a

positive odd integer such that p > 3 and let A](f}n = [aépf’m)} be the m x m

super-diagonal matrix, defined by

P2 fk=7and j=74+p+lforl<r<m-—-p—1,

(pyism) _ 1, ifk=r+landj=7for1<7<m-1,
kg - -1, ifk=7andj=7+1for1<7<m-—1, , for m > p+2.
0, otherwise.

Then we have the following theorem.
Theorem 3. Form > p+2 and p > 3,
perAz(f;)m = Paz(f) (m+p+1).
)

Proof. Let us consider the matrix Agm and let the equation be hold for m >
p+ 2. We prove by induction on m. Then we show that the equation holds
for m + 1. If we expand the Ag}n by the Laplace expansion of permanent
with respect to the first row, then we obtain

perA;()?ﬂJrl = _perAgf)l 4 P12 -perA,(f;L@_p_y
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Since perA() 1= Pa (Z) (m+p) and perA](;;)mipil = Pag) (m), it is clear

that 1067“141](,7)”1_H = Pa,(,) (m +p+2). So the proof is complete. O

Let p be a positive odd integer such that p > 3 and let Bgzn = [b](gp}i’m)}
be the m x m super-diagonal matrix, defined by

P*2 ifk=randj=7+p+lforl<7<m—p-—1,

ifk=7+1land j=7for 1 <7<m—4 and
k=7andj=7+1form—-2<7<m-1,

b =
7 1 ifk=7andj=7+1forl1 <7<m-—3and
" k=7+landj=7form—-3<7<m-—1,
0, otherwise,
form > p—+ 2.

Then we have the following theorem.
Theorem 4. Form > p+ 2 and p > 3,
perBI(,?n = —Pal(f) (m+p+1).
Proof. Let us consider the matrix BI(,fzn and let the equation be hold for m >

p+2. We prove by induction on m. Then we show that the equation holds
for m + 1. If we expand the B]gl}n by the Laplace expansion of permanent
with respect to the first row, then we obtain

perBI() 2n+1 = —perB(il + P+2 'perBS,;anpfl'

Since perBIgzn | = —Pal(,) (m+p) and perBIgzn pe1 = —Pa(i) (m), it is
clear that perB( Zn-i-l = —Pa,(f) (m+ p—+2). So the proof is complete. O

Assume next that C’,(J?n = [c,(cp ]’.Z’m)] be the m x m matrix, defined by

(m —3)th
] + _
1 1 0 0 0
1
' 0 , form >p+2,
C(Z) — .
p,m . B(Z)
: m—1
0
- 0 -

then we have the following results.

Theorem 5. Form > p+2 and p > 3,
m-+p

perC Z Pa (u) .
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)

Proof. If we extend perCSm with respect to the first row, we write

perC’I(,an = perCI(,fzn_l + perBi(,?n_l.

Thus, by the results and an inductive argument, the proof is easily seen. [

A matrix M is called convertible if there is an n xn (1, —1)-matrix K such
that perM = det (M o K), where M o K denotes the Hadamard product of
M and K.

Now we give relationships among the complex-type Padovan-p numbers
and the determinants of certain matrices which are obtained by using the
matrix Ag,)m, B](f,zn and C;()?n- Let m > p+2 and let H be the m x m matrix,
defined by

11 11
-1 1 11
g—| 1 -1 11
11 -1 1

Corollary 3. Form >p+2 and p > 3,

det (A@') ° H) = Pa{) (m+p+1),

p,m

det (B;)n o H) = —Pal) (m+p+1)

)

and
m—+p

det (C’Ig?,)n o H) = — Z Paz(f) (u) .
u=1

Proof. Since perAg,i{k) = det (Al(,l)m oH >, perB,(Z’k) = det (Bl(fzn oH ) and

perC’,(Ti’k) = det (C}(ﬂn oH ) for m > p 4+ 2, by Theorem 3, Theorem 4 and
Theorem 5, we have the conclusion. O

It is easy to see that the generating function of the complex-type Padovan-
p sequence {Pa](f) (n)} is as follows:

g9(z)= 1+ 22 — ipt2 . gpt2’
where p is a positive odd integer such that p > 3.

Now we are concerned about the exponential representation of the complex-
type Padovan-p numbers by the aid of the generating function with the
following theorem.
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Theorem 6. The complez-type Padovan-p sequence {Pag) (n)} have the
following exponential representation:

o0

g(x) = P exp (Z(xu)“ (_x 4+ P2, $p+1)u> }

u=1
where p is a positive odd integer such that p > 3.
Proof. Since
Ing(z) =Inz?™ —In (1+ x? — P2 xp+2)
and
—In(1+2%— P2 2Pt?) = —[—g(—z 4P 2P
L 9

— 5 (—z 42 xp+1)2 —

_ %x" (—x 4 gpt2. mp+1)u — ]

it is clear that

— ()"
— ptl _ p+2 | p+1\Y
g(x)==x exp(Z ” (—z+i x ))
u=1
Thus we have the conclusion. O

Now we give the sums of the complex-type Padovan-p numbers. Let
n .
Sy = Z Pag’) (u),
u=1

for n > p+ 1 and p is a positive odd integer such that p > 3, and suppose
that R, is the (p + 3) x (p + 3) matrix such that
10 - 0]

1
R, = 0 D,

_0 -

If we use induction on n, then we obtain

1 0o .- 0
Sn+p .
(Rp)" — | Snip-1 (Dp)

Sn—l
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